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Abstract

Rotating flows have been encountered in many engineering-relevant applications such as a flow in turbomachinery. Recently, rotating
channel flows with arbitrary rotating axes have been investigated by direct numerical simulation (DNS). Although numerical studies of
spanwise rotating channel flow have been reported, there are few reports on streamwise and wall-normal rotating channel flows. In the
present study, first, we conducted DNS of various rotational channel flows in order to understand phenomena of rotating wall-bounded
flows and to make databases for turbulence modelling. It is found from the DNS results that cases of streamwise rotating channel flow
which have a mean spanwise velocity caused by rotation involve the counter gradient turbulent diffusion. Thus, since it is well-known
that the conventional eddy diffusivity turbulence model (EDM) cannot predict this case, we have to consider the reconstruction of a non-
linear eddy viscosity turbulence model (NLEDM) based on a cubic model. Consequently, we evaluated existing nonlinear eddy viscosity
turbulence models based on our DNS of streamwise and wall-normal rotating channel flows. Using the results of evaluation, we have
improved the modeled expression for Reynolds stress, in which a new cubic-type nonlinear eddy viscosity model has been proposed. The
proposed nonlinear two-equation turbulence model can accurately predict rotating channel flows with arbitrary rotating axes.
� 2006 Elsevier Inc. All rights reserved.
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1. Introduction

Rotating flows have been encountered in many engi-
neering-relevant applications such as a flow in turboma-
chinery. Recently, a turbulence model has been improved
for analysis of a turbulent flow with rotation. In particular,
in order to conduct more precise analysis of a rotating tur-
bulent flow, a nonlinear two-equation model is required
(Nagano and Hattori, 2002), in which rotating channel
flows with spanwise rotations are predicted accurately.
On the other hand, rotating channel flows with arbitrary
rotating axes have been investigated by direct numerical
simulation (DNS). Although DNS studies on spanwise
rotating channel flow have been reported (Nagano and
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Hattori, 2002; Kristoffersen and Andersson, 1993; Lambal-
lais et al., 1996), there are few reports dealing with stream-
wise and wall-normal rotating channel flows (e.g., Oberlack
et al., 1999; Wu and Kasagi, 2004).

In the present study, in order to obtain fundamental sta-
tistics on rotating channel flows with arbitrary rotating
axes, DNS has been conducted using the spectral method.
At the same time, we have made a DNS database for the
evaluation of turbulence models. DNSs provide detailed
turbulence quantities which are difficult to obtain from
measurements, and also provide the budget of the turbu-
lent transport equations. In particular, turbulent diffusion
and dissipation terms in the turbulent transport equation
can be obtained from DNSs, which are essential to con-
struct a turbulence model. Based on the present DNS of
streamwise and wall-normal rotating channel flows, exist-
ing nonlinear two-equation turbulence models have been
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Nomenclature

bij anisotropy tensor, ¼uiuj=2k � dij=3
k turbulence energy, ¼uiui=2
n local coordinate normal to wall surface
n* nondimensional distance between point and

nearest point on whole surface, =uen/m
P , p mean and fluctuating static pressure
Reb Reynolds number based on bulk velocity,

¼2Ubd=m
Res Reynolds number based on friction velocity,

=usd/m
Ro Rotation number based on bulk velocity and

angular velocity, ¼2Xd=Um

Ros Rotation number based on friction velocity,
=2Xd/us

Rt turbulent Reynolds number, =k2/me
Sij strain-tensor, ¼ ðoUi=oxj þ oUj=oxiÞ=2
t time
U , V , W mean velocity in x-, y- and z-directions, respec-

tively
u, v, w turbulent fluctuation in x-, y- and z-directions,

respectively
Ub bulk velocity
Ui mean velocity in xi-direction
ui turbulent fluctuation in xi-direction

us friction velocity, ¼
ffiffiffiffiffiffiffiffiffiffi
sw=q

p
ue Kolmogorov velocity scale, = (me)1/4

xi Cartesian coordinate in i-direction
x, y, z Cartesian coordinate in streamwise, wall-normal

and spanwise directions, respectively
y+ nondimensional distance from wall surface,

= usy/m
Wij absolute vorticity tensor, ¼ Xij � �ijmXm ¼

ðoU i=oxj � oU j=oxiÞ=2� �ijmXm

Greek symbols

d half-width of channel
dij Kronecker delta
e dissipation rate of turbulence energy,

¼ mðoui=oxjÞðoui=oxjÞ
�ijk Eddington’s epsilon
m, mt kinematic and eddy viscosities
q density
Xij vorticity tensor, ¼ ðoU i=oxj � oU j=oxiÞ=2
sw wall shear stress
ð Þ ensemble- or time-averaged value
( )+ normalization by inner variables (us, ts,m)
D/Dt substantial derivative, ¼ o=ot þ U jo=oxj
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evaluated. Using the results of evaluation, we improve the
modeled expression for Reynolds stress by proposing a new
nonlinear two-equation model for rotating channel flows
with arbitrary rotating axes.

2. Governing equations in rotational coordinate system

We consider a fully-developed turbulent channel flow
with rotation at a constant angular velocity as shown in
Fig. 1. The governing equations for an incompressible
rotating channel flow in reference frame rotational coordi-
nates can be described in the following dimensionless
forms:

ouþi
oxþi
¼ 0 ð1Þ

Duþi
Dtþ

¼ � opþeff

oxþi
þ 1

Res

o2uþi
oxþj oxþj

� �ik‘Roskuþ‘ ð2Þ
Fig. 1. Rotating channel flow and coordinate system.
where the rotation number Rosk is defined as 2Xkd/us. The
centrifugal force can be included in the effective pressure
pþeffð¼ pþs � Ro2r2

c=8Þ, if fluid properties are constant, where
pþs is the normalized static pressure, Ro = (RojRoj)

1/2 is the
absolute rotation number, and rc is the dimensionless dis-
tance from the rotating axis (Wu and Kasagi, 2004). The
spectral method is used for the DNS (see Nagano and Hat-
tori, 2003). The computational conditions are listed in
Table 1. The boundary conditions are nonslip conditions
for the walls as well as periodic conditions in the stream-
wise and spanwise directions.

The Reynolds-averaged equations for the turbulence
model can be written as follows:

oU i

oxi
¼ 0 ð3Þ

DUi

Dt
¼ � 1

q
oP eff

oxi
þ o

oxj
m
oU i

oxj
� uiuj

� �
� 2�ik‘XkU ‘ ð4Þ
Table 1
Methods for direct numerical simulation

Grid Regular grid

Time advancement Viscosity term Crank–Nicolson method
Other terms Adams–Bashforth method

Spatial scheme Spectral method

Grid points (x1 · x2 · x3) 64 · 65 · 64

Computational volume 4pd · 2d · 2pd



Table 2
Computational conditions

Res 150

Case 1: Streamwise rotation

STR1 STR2 STR3 STR4 STR5

Ros1 1.0 2.5 7.5 10.0 15.0

Case 2: Wall-normal rotation

WNR1 WNR2 WNR3 WNR4 WNR5

Ros2 0.01 0.02 0.05 0.1 0.3

Case 3: Spanwise rotation

SPR1 SPR2 SPR3 SPR4 SPR5

Ros3 0.0 0.75 1.5 3.0 5.0
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uiuj ¼
2

3
kdij � 2C0mtSij þHigh order terms ð5Þ

mt ¼ Clfl
k2

e
ð6Þ

where the quadratic modeled expression for Reynolds
stress applying the rotational turbulent flow in Eq. (5)
was proposed by Nagano and Hattori (2002) as follows:

uiuj ¼
2

3
kdij �

1

fR
2mtSij þ

4CD

fR
ks2

Ro

� ðSikW kj � W ikSkjÞ � SikSkj �
dij

3
SmnSmn

� �� �
þ Qw

ð7Þ

where sRo = mt/k is the characteristic time-scale, CD is the
model constant, and fR is the model function. The last term
of the right-hand side is introduced to reproduce the wall-
limiting behaviour and the anisotropy of Reynolds normal
stress components (Hattori and Nagano, 2004) given as
follows:

Qw ¼
4CD

fR
ks2

Rw
ðSikW kj � W ikSkjÞ � SikSkj �

dij

3
SmnSmn

� �� �
ð8Þ

where sRw
is the characteristic time-scale for reproducing

the wall-limiting behaviour and the anisotropy of Reynolds
normal stress components.

The transport equations of turbulence quantities, i.e.,
turbulence energy, k, and dissipation rate of k, e, which
compose the eddy diffusivities, can be given as follows:

Dk
Dt
¼ m

o
2k

oxj oxj
þ T k þPk þ P k � e ð9Þ

De
Dt
¼ m

o2e
oxj oxj

þ T e þPe þ
e
k
ðCe1P k � Ce2feeÞ þ E þ R ð10Þ

where Tk and Te are turbulent diffusion terms, Pk and Pe

are pressure diffusion terms, and Pk ð¼ �uiujU i;jÞ is pro-
duction term. E is an extra term, and R is a rotation-influ-
enced additional term (Nagano and Hattori, 2002).
3. Discussion of DNS results in view of turbulence modelling

In order to determine improvements in the expression of
rotating, wall-bounded turbulent shear flows, DNSs of
fully developed channel flows with streamwise, wall-normal
and spanwise rotation are carried out using the spectral
method (Nagano and Hattori, 2003) for the 15 cases indi-
cated in Table 2. DNS results of cases for STR1–STR5
and WNR1–WNR5 are shown in Figs. 2 and 3, respec-
tively (Case 3 is not shown here). In these cases, the span-
wise mean velocity appears to be caused by a rotational
effect, which increases with the increase in rotation number
in both cases. In particular, with increase in the spanwise
mean velocity of Case 2, a streamwise mean velocity
decreases due to the exchange momentum between the
streamwise and spanwise velocity as in the following equa-
tions obtained by Eq. (4):

0 ¼ � 1

q
oP
ox
þ o

oy
m
oU
oy
� uv

� �
� 2XW ð11Þ

0 ¼ o

oy
m
oW
oy
� vw

� �
þ 2XU ð12Þ

Therefore, in order to predict the flow of Case 2 exactly,
the spanwise mean velocity should be reproduced by a tur-
bulence model. Note that the wall-normal rotating DNS
(Case 2) of Wu and Kasagi (2004) was carried out on con-
stant streamwise mean velocity condition, but the present
DNS does not maintain the constant velocity. Thus, the
Reynolds shear stress, uv, tends to decrease remarkably
with the increase in rotational number as shown in Fig. 3(b).

On the other hand, it is found from DNS results that
cases of streamwise rotating channel flow (Case 1) involve
the counter gradient turbulent diffusion in the spanwise
direction shown in Fig. 2. In view of turbulence modelling,
this fact clearly demonstrates that the linear EDM and the
quadratic NLEDM cannot be applied to calculate the case
of a streamwise rotating channel flow. Thus, the following
modeled Eq. (13) employed in the linear EDM and the qua-
dratic NLEDM can not clearly express a counter gradient
turbulent diffusion

�vw ¼ mt

oW
oy

ð13Þ

where the Reynolds shear stresses of a quadratic NLEDM
are expressed identical to a linear model. Also, it is noted
that the rotational term does not appear in the momentum
equation of a fully-developed streamwise rotating channel
flow indicated as Eq. (16), in which the rotational effect is
included implicitly in the Reynolds shear stress in the same
manner as the spanwise rotational flow (Nagano and Hat-
tori, 2002). Therefore, a cubic NLEDM or Reynolds stress
equation model (RSM) should be used for the calculation
of streamwise rotating channel flows as follows:

0 ¼ � 1

q
oP
ox
þ o

oy
m
oU
oy
� uv

� �
ð14Þ



Fig. 2. DNS results of streamwise rotating flows (Case 1): (a) streamwise mean velocities, (b) Reynolds shear stresses, uv, (c) spanwise mean velocities,
(d) Reynolds shear stresses, vw and (e) turbulence energy.
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0 ¼ � 1

q
oP
oy
� ov2

oy
þ 2XW ð15Þ

0 ¼ o

oy
m
oW
oy
� vw

� �
ð16Þ
3.1. Evaluations of existing turbulence models in rotating

wall-bounded flows

Fig. 4 shows the assessment result using the present
DNS of two-equation models with NLEDM in the case
of streamwise rotating channel flow. The evaluated models
are a cubic model by Craft et al. (1996) (hereinafter
referred to as NLCLS) and a quadratic model by Nagano
and Hattori (2002) (NLHN). Obviously, the quadratic
model cannot reproduce this flow as mentioned in the pre-
vious section. The cubic model indicates overprediction of
mean streamwise velocity, U , and underpredicts the
Reynolds shear stress, vw, in the case of a higher rotating
number. The wall-limiting behaviour of Reynolds stress
components is shown in Fig. 4(f). Although the NLHN
model is modelled to satisfy the wall-limiting behaviour
of the Reynolds stress component in the wall-normal direc-
tion in spanwise rotational flow, it can be seen that the
model does not reproduce the wall-limiting behaviour.

Evaluations of wall-normal rotating flows predicted by
the NLCLS and the NLHN models are indicated in
Fig. 5. In this case, it can be seen that the NLHN accu-
rately reproduces turbulent quantities. Thus, one may con-
sider that streamwise rotating flows can be predicted using
a quadratic nonlinear model. However, the wall-limiting
behaviour of the Reynolds stress component in the wall-
normal direction is not predicted in the vicinity of the wall
shown in Fig. 5(f).

3.2. Reconstruction of NLEDM

From these results, we propose a cubic NLEDM in a
two-equation turbulence model which can adequately
predict rotational channel flows with arbitrary rotating
axes, in which a modelling of wall-limiting behaviour of
Reynolds stress components is also considered.



Fig. 3. DNS results of wall-normal rotating flows (Case 2): (a) streamwise mean velocities, (b) Reynolds shear stresses, uv, (c) spanwise mean velocities, (d)
Reynolds shear stresses, vw and (e) turbulence energy.
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The transport equation of Reynolds stress with the Cori-
olis term is given as follows:

Duiuj

Dt
¼ Dij þ T ij þ P ij þ Cij þ Uij � eij ð17Þ

where Dij is a molecular diffusion term, Tij is a turbulent
and pressure diffusion term, P ij ¼ �uiukðoUj=oxkÞ�
ujukðoU i=oxkÞ is a production term, Cij ¼ �2Xmð�mkjuiukþ
�mkiujukÞ is a Coriolis term, Uij is a pressure-strain correla-
tion term and eij is a dissipation term, respectively.

Introducing the Reynolds stress anisotropy tensor
bij ¼ uiuj=2k � dij=3 and neglecting the diffusive effect, the
following relation is derived with Eqs. (9) and (17):

Dbij

Dt
¼ 1

2k
P ij þ Cij þ Uij � eij

� �
� bij þ dij=3

k
P k � eð Þ ð18Þ

In the local equilibrium state, since the relation Dbij/Dt = 0
holds, Eq. (18) yields the following relation:

ðP ij þ Cij þ Uij � eijÞ ¼ 2 bij þ
dij

3

� �
ðP k � eÞ ð19Þ

Using the form eij ¼ 2
3
edij þD eij of the dissipation term

(Gatski and Speziale, 1993) for Eq. (19), we can obtain
ðP k � eÞbij ¼ �
2

3
kSij � k bikSjk þ bjkSik �

2

3
bmnSmndij

� �

� k½bikðW jk þ 2�mkjXmÞ þ bjkðW ik þ 2�mkiXmÞ�

þ 1

2
Pij ð20Þ

where Pij = Uij �D eij, and the modeled Pij is employed as
the following general linear model:

Pij ¼ �C1ebij þ C2kSij

þ C3k bikSjk þ bjkSik �
2

3
bmnSmndij

� �
þ C4kðbikW jk þ bjkW ikÞ ð21Þ

where C1–C5 are model constants.
Substituting Eq. (21) into (20) and introducing nondi-

mensional quantities, we can obtain the following relation:

b�ij ¼ �S�ij � b�ikS�jk þ b�jkS�ik �
2

3
b�k‘S

�
k‘dij

� �
þ b�ikW �

kj þ b�jkW �
ki

ð22Þ



Fig. 4. Evaluations of predicted streamwise rotating flows (Case 1): (a) streamwise mean velocities, (b) Reynolds shear stresses, uv, (c) spanwise mean
velocities, (d) Reynolds shear stresses, vw, (e) turbulence energy and (f) wall-limiting behaviour of Reynolds stress components.
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where

S�ij ¼ 1
2
gsð2�C3ÞSij; W �

ij ¼ 1
2
gsð2�C4Þ Xijþ C4�4

C4�2

	 

�mjiXm

h i
b�ij ¼

C3�2

C2�4
3

	 

bij; s¼ k

e ; g¼ 1
2
C1þ P k

e þ
Gk
e � 1

� ��1

9>=
>;

ð23Þ
Eq. (23) can be written in the matrix form as

b� ¼ �S� � b�S� þ S�b� � 2

3
fb�S�gI

� �
þ b�W� �W�b�

ð24Þ
In order to derive an explicit form of b* from Eq. (24), the
integrity basis, b� ¼

P
kQðkÞTðkÞ first proposed by Pope

(1975), is used with the following seven basis tensors:

Tð1Þ ¼ S�; Tð6Þ ¼W�2S� þS�W�2 � 2
3
fS�W�2gI

Tð2Þ ¼ S�W� �W�S�; Tð7Þ ¼W�S�W�2 �W�2S�W�

Tð3Þ ¼ S�2 � 1
3
fS�2gI; Tð8Þ ¼ S�W�S�2 �S�2W�S�

Tð4Þ ¼W�2 � 1
3
fW�2gI; Tð9Þ ¼W�2S�2 þ S�2W�2 � 2

3
fS�2W�2gI

Tð5Þ ¼W�S�2 �S�2W�; Tð10Þ ¼W�S�2W�2 �W�2S�2W�

9>>>>>>>=
>>>>>>>;

ð25Þ



Fig. 5. Evaluations of predicted wall-normal rotating flows (Case 2): (a) streamwise mean velocities, (b) Reynolds shear stresses, uv, (c) spanwise mean
velocities, (d) Reynolds shear stresses, vw, (e) turbulence energy and (f) wall-limiting behaviour of Reynolds stress components.
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Substituting Eq. (25) into b� ¼
P

kQðkÞTðkÞ gives

b� ¼ Qð1ÞS� þ Qð2Þ S�W� �W�S�ð Þ

þ Qð3Þ S�2 � 1

3
fS�2gI

� �

þ Qð4Þ W�2 � 1

3
fW�2gI

� �
þ Qð5Þ W�S�2 � S�2W�� �
þ Qð6Þ W�2S� þ S�W�2 � 2

3
fS�W�2gI

� �
þ Qð7ÞðW�S�W�2 �W�2S�W�Þ
þ Qð8ÞðS�W�S�2 � S�2W�S�Þ

þ Qð9Þ W�2S�2 þ S�2W�2 � 2

3
fS�2W�2gI

� �
þ Qð10Þ W�S�2W�2 �W�2S�2W�� �

ð26Þ



Table 3
Model constants and functions of transport equations for k and e

Ce1 Ce2 Ce3 Ce4 Ce5 Cs Ce CX CfX ft1 ft2

1.45 1.9 0.02 0.5 0.015 1.4 1.4 �0.045 6.0 1þ 9f wð8Þ
½1� fwð32Þ�1=2

1þ 5fwð8Þ
½1� fwð32Þ�1=2

fe fX RX

1� 0:3 exp � Rt

6:5

� �2
" #( )

½1� f 2
wð3:7Þ� Cf X exp � RX

10

� �0:2
" # ffiffiffi

m
e

r ffiffiffiffiffiffiffiffi
f X

SW

q

Fig. 6. Distributions of predicted streamwise rotating flows (Case 1): (a) streamwise mean velocities, (b) Reynolds shear stresses, uv, (c) spanwise mean
velocities, (d) Reynolds shear stresses, vw, (e) turbulent intensities and (f) wall-limiting behaviour of Reynolds stress components.
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On the other hand, substituting the integrity basis and the
theoretical expressions (Pope, 1975), TðkÞS� þ S�TðkÞ�
2
3
fTðkÞS�gI ¼

P
cH kcT

ðcÞ and TðkÞW� �W�TðkÞ ¼
P

cJ kcT
ðcÞ

where H and J are the scalar functions, into Eq. (24), gives
the following equation for T(k):
X
k

QðkÞTðkÞ ¼ �
X

k

d1kTð1Þ

�
X

k

QðkÞ
X

k

H kcT
ðkÞ

 !
�

X
k

J kcT
ðkÞ

 !" #

ð27Þ
Eq. (27) can be written as QðkÞ ¼ A�1
ck Bk, where

Ack = �dkc � Hkc + Jkc, and Bk = d1k. By using Cayley–
Hamilton identities, the matrices Hkc and Jkc can be deter-
mined. Thus, we can obtain Q(k) using Mathematica as
follows:
Fig. 7. Distributions of predicted wall-normal rotating flows (Case 2): (a) strea
velocities and (d) Reynolds shear stresses, vw.
Qð1Þ ¼ � 1
2
ð6� 3g1� 21g2� 2g3 þ 30g4Þ=D Qð6Þ ¼ �9=D

Qð2Þ ¼ �ð3þ 3g1� 6g2þ 2g3 þ 6g4Þ=D Qð7Þ ¼ 9=D

Qð3Þ ¼ ð6� 3g1� 12g2 � 2g3� 6g4Þ=D Qð8Þ ¼ 9=D

Qð4Þ ¼ �3ð3g1þ 2g3þ 6g4Þ=D Qð9Þ ¼ 18D

Qð5Þ ¼ �9=D Qð10Þ ¼ 0

9>>>>>>>=
>>>>>>>;
ð28Þ

where

D ¼ 3� 7

2
þ g2

1 �
15

2
g2 � 8g1g2 þ 3g2

2 � g3 þ
2

3
g1g3

� 2g2g3 þ 21g4 þ 24g5 þ 2g1g4 � 6g2g4 ð29Þ
with g1 = {S*2}, g2 = {W*2}, g3 = {S*3}, g4 = {S*W*2} and
g5 = {S*2W*2}.

In order to obtain reasonable forms for Q(1)–Q(9), we
assume S13 = W13 = 0. Thus, g3 and g4 become 0 and
g5 ¼ 1

2
g1g2. Therefore, the following reasonable forms for

Q(1)–Q(6) can be derived:
mwise mean velocities, (b) Reynolds shear stresses, uv, (c) spanwise mean



Fig. 8. Relation of between U and W in wall-normal rotating channel
flow.
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Qð1Þ ¼ � 3
3�2g1�6g2

;

Qð2Þ ¼ � 3
3�2g1�6g2

;

Qð3Þ ¼ 6
3�2g1�6g2

Qð4Þ ¼ �18g1

ð3�2g1�6g2Þð2�g1�g2Þ
;

Qð5Þ ¼ �18
ð3�2g1�6g2Þð2�g1�g2Þ

Qð6Þ ¼ �18
ð3�2g1�6g2Þð2�g1�g2Þ

9>>>>>>>>>>>=
>>>>>>>>>>>;

ð30Þ

Consequently, we can obtain the cubic NLEDM as
follows:

b�ij ¼ �
3

3� 2g2 þ 6f2

�
S�ij þ ðS�ikW �

kj � W �
ikS�kjÞ

� 2 S�ikS�kj �
1

3
S�mnS�nmdij

� �
þ 6

2� g2 þ f2

g2 W �
ikW �

kj �
1

3
dijW �

mnW �
nm

� �
þ ðW �

ikS�k‘S
�
‘j � S�ikS�k‘W

�
‘jÞ

�

þ W �
ikW �

k‘S
�
‘j þ S�ikW �

k‘W
�
‘j �

2

3
S�‘mW �

mnW n‘dij

� ���
ð31Þ

where g ¼ ðS�ijS�ijÞ
1
2, f ¼ ðW �

ijW
�
ijÞ

1
2, and b�ij, S�ij and W �

ij are
nondimensional quantities, respectively, redefined as fol-
lows (Abe et al., 1997):

b�ij ¼ CDbij; S�ij ¼ CDsRo Sij; W �
ij ¼ 2CDsRo W ij ð32Þ

Since the proposed model in Eq. (31) can be written as the
following equation for the Reynolds shear stress, vw (or
b23), in streamwise rotating flow, in which S12 (=S21),
W12 (=�W21), S23 (=S32) and W23 (=�W32) exist, the Rey-
nolds shear stress, vw, can be reproduced by the present
model

b�23 ¼
3

3� 2g2 þ 6f2

�
S�23 þ

6

2� g2 þ f2
½ðW �

21S�12S�23

� S�21S�12W �
23Þ þ ðW �

21W �
12S�23 þ W �

23W �
32S�23

þ S�21W �
12W �

23 þ S�23W �
32W �

23Þ�
�

ð33Þ

In Eq. (31), the functions 3/(3 � 2g � 2 + 6f2) and
6/(2 � g2 + f2) may be taken to be a negative value or 0
Fig. 9. Distributions of predicted wall-normal rotating flows (Case 2): (a)
components.
with the increase in g. Thus, in order to avoid taking a neg-
ative value or 0, we modeled these functions taking into
account the rotational effect as follows:

3

3� 2g2 þ 6f2

’ 1

1þ 22
3

W �2

4

	 

þ 2

3
W �2

4
� S�2 � f �2x

	 

fB þ 2

3
f �2x

h i ð34Þ

6

2� g2 þ f2

’ 3

1þ 3
2

W �2

4

	 

þ 1

2
W �2

4
� S�2 � f �2x

	 

fB þ 1

2
f �2x

h i ð35Þ

where

fB ¼1þ Cg
W �2

4
� S�2 � f �2x

� �
ð36Þ

f �2x ¼ðCDsRoÞ
2½Xmð2�mjiW ij � XmÞ�2 ð37Þ

The model function, f �2x , in Eq. (37) is introduced to avoid
an inappropriate value of (W*2/4 � S*2) with the increase
in a rotational number. Since f �2x ¼ 0 is consistently kept
in nonrotational flows, inadequate Reynolds stresses
predicted by the proposed model are not given in nonrota-
tional flows.
turbulent intensities and (b) wall-limiting behaviour of Reynolds stress
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Finally, in order to construct a precise model for rota-
tional flow, a cubic term introduced in an NLCLS model
(Craft et al., 1996) is added in the proposed model. Conse-
quently, the final form of the present cubic NLEDM is
given as follows:

uiuj ¼
2

3
kdij � c1mtSij þ c2kðs2

Ro
þ s2

Rw
ÞðSikW kj � W ikSkjÞ

þ c3kðs2
Ro
þ s2

Rw
Þ SikSkj �

1

3
SmnSmndij

� �

þ c4ks2
Ro W ikW kj �

1

3
W mnW mndij

� �
þ c5ks3

RoðW ikSk‘S‘j � SikSk‘W ‘jÞ

þ c6ks3
Ro W ikW k‘S‘j þ SikW k‘W ‘j �

2

3
S‘mW mnW n‘dij

� �
þ c7ks3

RoðSijSk‘Sk‘ � SijW k‘W k‘Þ ð38Þ

where mt = Clflk2/e and Cl = 0.12, and the model func-
tions and constants are given as follows:

c1 ¼ �2=fR1;

c2 ¼ �4CD=fR1;

c3 ¼ 4CD=fR1;

c4 ¼ �8C3
DS2=ðfR1fR2Þ

c5 ¼ 4C2
DfRX=ðfR1fR2Þ;

c6 ¼ 2C2
D=ðfR1fR2Þ;

c7 ¼ 10C2
lC2

D; CD ¼ 0:8

fR1 ¼ 1þ ðCDsRoÞ2½ð22=3ÞW 2

þð2=3Þ W 2 � S2 � f 2
x

� �
fB�

fR2 ¼ 1þ ðCDsRoÞ2½ð3=2ÞW 2

þð1=2ÞðW 2 � S2 � f 2
xÞfB�

fRX ¼ 12½1� expðf 3=4
SW =26Þ�

fl ¼ ½1� fwð32Þ�f1þ ð40=R3=4
t Þ

exp½�ðRtm=35Þ3=4�g

fB ¼ 1þ CgðCDsRoÞ2ðW 2 � S2 � f 2
xÞ;

f 2
x ¼ Xmð2�mjiW ij � XmÞ; Cg ¼ 5:0

9>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>;

ð39Þ
Fig. 10. Coordinate system and arbitrary rotating axis in rotating channel
flow.
The characteristic time-scale sRw is introduced in an
NLHN model (Nagano and Hattori, 2002) for an anisot-
ropy and wall-limiting behaviour of turbulent intensity
defined as

sRw ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

6

fR1=CD

fSW

s
1� 3Cv1fv2

8

� �
f 2

v1 ð40Þ

fSW ¼
W 2

2
þ S2

3
� f X

SW ð41Þ

f X
SW ¼

ffiffiffiffiffi
S2

2

s
�

ffiffiffiffiffiffiffi
W 2

2

s0
@

1
Afwð1Þ

2
4

3
5

2

ð42Þ

where Cv1 = 0.4, Cv2 = 2.0 · 103, fv1 = exp[�(Rtm/45)2] and

fv2 ¼ 1� exp �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Rt=Cv2

p	 

. The wall reflection function is

defined by fw(n) = exp[�(Rtm/n)2], and the corrected Rey-
nolds number for the rotating flow is given as Rtm ¼
ðCtmn�R1=4

t Þ=ðCtmR1=4
t þ n�Þ with Ctm = 1.3 · 102 (Nagano

and Hattori, 2002). Moreover, it is found from the evalua-
tion shown in Figs. 4(f) and 5(f) that the wall-limiting
behaviour of Reynolds stress component is not satisfied
for the tested rotating flows. Thus, the model function in
Eq. (42) of characteristic time-scale sRw is slightly modified
as follows:

f X
SW ¼

ffiffiffiffiffiffiffi
S�2

2

s
�

ffiffiffiffiffiffiffiffi
W �2

2

s












fwð1Þ2 ð43Þ

where S* = �‘mnSmnX‘, W* = �‘mnWmnX‘.
For the modeled transport equations of k and e as indi-

cated in Eqs. (9) and (10), the turbulent diffusion and the
pressure diffusion terms are modeled as follows (Nagano
and Hattori, 2002):
Fig. 11. Distributions of mean velocities in an arbitrary axis rotating
channel flow: Case STSP: streamwise mean velocities.



Fig. 13. Distributions of mean velocities in an arbitrary axis rotating
channel flow: Case WNSP1: streamwise mean velocities.
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fwð5Þ
� �

ð47Þ

The extra term in the e-equation is adopted as the identical
to the NLHN model (Nagano and Hattori, 2002)

E ¼ Ce3m
k
e

uju‘
o2U i

ox‘ oxk

o2Ui

oxj oxk
þ Ce5m

k
e

oujuk

oxj

oUi

oxk

o2U i

oxjoxk

ð48Þ
Finally, a rotation-influenced addition term, R, in the
e-equation (10) is generalized as follows:

R ¼ CXfXk�ij‘Wijd‘X‘ ð49Þ
where d‘ is the unit vector in the spanwise direction. Model
constants and functions in the k- and e-equations are indi-
cated in Table 3.

3.3. Evaluation of proposed model

The evaluations for the newly improved NLEDM are
shown in Figs. 6–16. In order to calculate the present
model, the numerical technique used is a finite-volume
method (Hattori and Nagano, 1995).

First, the predictions of fully-developed streamwise
rotating channel flows calculated by the present model
are shown in Fig. 6. The results with the NLCLS model
(Craft et al., 1996) are also included in the figure for com-
parison. It can be seen in Figs. 6(a)–(d) that the present
model gives accurate predictions of both mean velocities
Fig. 12. Distributions of mean velocities in an arbitrary axis rotating
channel flow: Case STSP: spanwise mean velocities.
and Reynolds shear stresses in all cases, and the test case
of the highest rotational number is adequately reproduced
by the present model. Also, the Reynolds normal stresses
are indicated in Figs. 6(e) and (f). Now, the present model
adequately reproduces redistribution of Reynolds normal
stresses, and can predict wall-limiting behaviour exactly.
These are because the modified characteristic time-scale
sRw

given as Eq. (40) is introduced in the proposed
NLEDM.

Next, cases of wall-normal rotating channel flows are
shown in Figs. 7–9. In this case, the streamwise mean veloc-
ity decreases with the increasing rotation number due to
the exchange momentum between the streamwise and
spanwise velocity as indicated in Figs. 7(a) and (c). Thus,
the spanwise velocity increases at the lower rotation num-
bers, but the spanwise velocity reaches maximum value at
Fig. 14. Distributions of mean velocities in an arbitrary axis rotating
channel flow: Case WNSP1: spanwise mean velocities.



Fig. 15. Distributions of mean velocities in an arbitrary axis rotating
channel flow: Case WNSP2: streamwise mean velocities.

Fig. 16. Distributions of mean velocities in an arbitrary axis rotating
channel flow: Case WNSP2: spanwise mean velocities.
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a critical rotation number. Then, the spanwise velocity
decreases because the streamwise velocity becomes almost
zero at higher rotation numbers. In comparison with
DNS results, the present model gives better predictions
than the predictions of the CLS model. In particular, Rey-
nolds shear stresses, vw, are predicted very well as shown in
Fig. 7(d). Fig. 8 shows relation of between streamwise and
spanwise velocities in this case, in which the laminar solu-
tions are included for comparison. Obviously, the flow
tends to laminarization with the increasing rotation num-
ber, and the present model can predict properly this ten-
dency. Also, the adequate predictions of anisotropy of
turbulent intensities are reproduced by the present cubic
NLEDM as shown in Fig. 9(a). As the above mentioned,
the present model can predict similar to the NLHN model
as shown in Fig. 5, but the wall-limiting behaviour is satis-
fied exactly as indicated in Fig. 9(b). Therefore, it is obvi-
ous that the present cubic NLEDM gives higher
performance for the predictions of rotating channel flows
while maintaining the performance of the basis model,
e.g., NLHN model.

Finally, in order to confirm the performance of the pres-
ent model, cases of rotating channel flow with combined

rotational axes are calculated as shown in Fig. 10, in which
DNS databases of these cases are provided by Wu and
Kasagi (2004). The rotation numbers of Case STSP are
given as Rosx = 2.5–15 and Rosz = 2.5, those of Case
WNSP1 as Rosy = 0.04 and Rosz = 2.5–11 and those of
Case WNSP2 as Rosy = 0.01–0.04 and Rosz = 2.5, respec-
tively. The predicted mean velocities are shown in Figs.
11–16 with DNS data (Wu and Kasagi, 2004). It can be
seen that the proposed model gives accurate predictions
of all cases, since the proper modelling for rotating flows
with arbitrary rotating axes is introduced in the present
two-equation model with the cubic NLEDM.

4. Conclusions

We have carried out DNSs of various rotation-number
channel flows with arbitrary rotating axes in order to
obtain fundamental statistics on these flows. It is found
from DNS results that cases of streamwise rotating channel
flow involve a counter gradient turbulent diffusion regard-
ing spanwise turbulent quantities, so that the linear EDM
and the quadratic NLEDM cannot be applied to calculate
the case of streamwise rotating channel flow. Using the
present DNS data, both the cubic and the quadratic
NLEDMs are then evaluated. It is found that the existing
models cannot accurately predict turbulent quantities in a
streamwise rotating channel flow. Therefore, using the
assessment results, we propose a new cubic NLEDM for
Reynolds stress modelling in a two-equation turbulence
model which can satisfactorily predict rotational channel
flows with arbitrary rotating axes. The proposed model
can also reproduce anisotropy of turbulent intensity near
the wall, and thereby satisfies the wall-limiting behaviour
of turbulent quantities in the cases under study.
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